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1. Suppose ay, is a sequence with 0 < a, < a4 such that
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converges. Show that Z‘;":O an converges. Is the converse true?
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What is the radius of convergence of the above series? Let f be the sum of the series. Show
that f is continuous on the closure of the disk of convergence.

Consider the power series

Let f(z) = Y, cyz" be a power series that converges in D(a, R),R > 0 and f’(0) = ¢; # 0. Prove
the equality

If(z) = f(w)| = |z —w] |Z cn(Z"M 2 P 2w w"_1)|

for all z, w € D(0, R) and consequently that f is injective on the disc D(0,7) if 0 < r < R and the
following inequality holds:
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Let f(z) = > c,z" be a power series that converges in D(0,R),R > 0 and suppose 0 < r < R.

Show:
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Look up the definition of real-analytic functions in R". Let f : U — C be a complex-analytic
function. Are Ref and Imf real-analytic?

Let f(z) = 3, cpz" be a convergent power series on D := D(0, R). Show that for each 0 < r <R
and m > 1, |f'™(0)] < m!M(r)/r™ where M(r) = sup{|f(2)| : |z| = r}.

Let S C R be a subgroup. Show that either S is cyclic or § = R.

For z1, 2z, a1, @z € C, show that
L(Zl’ 0(1) = L(ZZ’ aZ)

iff z; = z; and Arg(z;) = Arg(z;). Here

L(z,a) ={z+ta:t > 0}.

Show that for each n € N, we can find xy € Ry such that exp(x) > x™ if x > x.

Show that for x > 0 we have log x < x.
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